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We show the occurrence of a new class of superconductivity in multiorbital systems, focusing on non-
Kramers f2 states. The Cooper pairs in this class of superconductivity are mainly local pairs with the
same symmetry as the local f2 ground states. When the local ground state is an anisotropic representation,
the superconducting gap has nodes on the Fermi surface. This nodal superconductivity is mediated by
the strong on-site interorbital attractions arising from the negative-U physics, generalized in multiorbital
systems. We show that this is realized in a simple two-orbital model with antiferro Hund’s coupling and
enhanced inter-orbital interactions derived via a systematic local down folding. Finally, we briefly discuss
superconductivity in Pr-1-2-20 compounds, UBe13, and PrOs4Sb12, in view of the present mechanism.
Unconventional superconductivity (SC) shows various
interesting phenomena and has attracted great attention
in the field of condensed matter physics. The existence of
nodes in their superconducting gap functions is required
for these phenomena to occur in unconventional super-
conductors, such as cuprates,1) ruthenates,2) iron-based
pnictides,3) and heavy-fermion superconductors.4)
Apart from cuprates and some others, the gap func-
tions in many unconventional superconductors are not
fully understood and continue to be under debate, de-
spite the intensive experimental and theoretical studies
conducted on them since their discovery. Thus, explain-
ing their mechanism is a challenging problem in con-
densed matter theory.
A promising mechanism for unconventional SC in sin-
gle band (orbital) systems, fluctuation-mediated SC, has
been established by the 80th,5) and is analogous to the
theory of 3He superfluids.6) In particular, intersite fluc-
tuations in the presence of strong local repulsions, such
as ferro- or antiferro-magnetic fluctuations, lead to nodal
SC. Many unconventional superconductors have been ob-
served in close vicinity to ordered phases.
In recent years, much attention has been paid to mul-
tiorbital superconductors, such as iron-based pnictides.3)
Some heavy-fermion superconductors have attracted re-
newed interest, since for example, the discovery of full-
gap behavior in the low-temperature specific heat of
CeCu2Si2.
7) Thus, it is important to clarify the impact of
the orbital degrees of freedom on SC. Recently, to clar-
ify the multiorbital character of such SC, we classified
multipole SC8) and discussed that nodal SC can occur
through the formation of local Cooper pairs in multior-
bital systems. The pairs are local but have orbital degrees
of freedom, which form the nodal gap structure.
In this letter, we show that such nodal and local SC can
emerge in multiorbital systems and that it is related to
two-electron ground state configurations, when the elec-
tron filling is nealy two per site. We start first by demon-
strating that low-energy effective interactions in such
∗E-mail: hattori@tmu.ac.jp
multiorbital models with the spin-orbit interaction (SOI)
are completely different from the conventional Hubbard-
type parametrization, and include e.g. antiferro Hund’s
coupling9) and enhanced interorbital interactions.
Renormalized interactions after integrating the high-
energy sectors contain important information for under-
standing the low-energy properties of complex systems.
In this work, we show a typical example in f -electron
(where the orbital angular momentum l = 3) systems
under the Oh group, demonstrating the effective local
interactions in j = l− 1/2 = 5/2 multiplets, by integrat-
ing the j = l + 1/2 = 7/2 states that lie in the higher
energy of the SOI order, λ (See Fig. 1(a)). This is a kind
of down folding,10) which we will call local down folding.
A Hubbard-type model for the j = 5/2 orbital has
already been analyzed, and it shows that realization
of the Γ3 nonmagnetic Kramers doublets as ground
states for the local two-electron sector (f2) is not pos-
Fig. 1. (Color online) Schematic energy spectra for the (a) f1,
(b) f2 states, and (c) the low-energy effective f2 states, denoted as
f˜2. (d) Coupling constants for the effective f˜ system as a function
of λ when x = 0, W = 0.004, and (F0, F2, F4, F6) = (9, 6, 5, 2).
The unit of energy is eV.
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sible, when considering the conventional Slater integrals
F0,2,4,6, among the j = 5/2 orbitals.
11) Thus, when an-
alyzing Γ3, as realized in many Pr- and U-based com-
pounds12) that show quadrupole Kondo effects13) and
orbital orders,12) a simple j = 5/2 Hubbard-type model
is insufficient. To overcome this limitation, 1/λ pertur-
bative analysis has been conducted thus far.14) In this
letter, we show a more rigorous formulation suitable for
the realistic parameters (i.e., λ ≪ Hund’s coupling), to
analyze f2-based materials with Γ3 ground states. To
this end, we use a method developed in the contractor
renormalization group,15) and obtain the local effective
interactions among the low-energy fermions, which are,
roughly speaking, j = 5/2 states in the case where the
filling is nearly two per site.
The procedure for calculating the renormalized in-
teractions is as follows: (i) The exact diagonalizations
are carried out for the local Hamiltonian including both
j = 5/2 and 7/2, with the Coulomb interactions F0,2,4,6,
and the SOI under the crystalline-electric-field (CEF)
potential expressed by the parameters x and W .16) Sub-
sequently, the eigenenergy E
(n)
Γ,s for the f
n configurations
and the corresponding wavefunctions |fnΓ, s〉, where Γ
represents the irreducible representation (irrep) for the
Oh group and s runs 1, 2, · · · with increasing energy are
obtained. In this work, only the information on n ≤ 2 is
needed. It should be noted that the low-energy f2 states
are j ∼ 4, as predicted by Hund’s rule. (ii) The target
low-energy f1 states are set, which belong to Γ7 or Γ8,
while the high-energy f1 states are ignored. For realistic
parameters, they are almost j = 5/2 states and their cre-
ation operators are denoted as f˜ †Γ7,8 . (iii) The f
2 states are
constructed as |˜f2Γ(α)〉 = (f˜ †f˜ †)Γ(α) |0〉, where the states
for α = 1 consist of two Γ8 orbitals, while that for α = 2
includes at least one Γ7 orbital:
17) Γ(α) = Γ
(1,2)
1 , Γ
(1,2)
3 ,
Γ
(1)
4 , or Γ
(1,2)
5 . (iv) The overlap r
αs
Γ = 〈˜f2Γ(α)|f2Γ, s〉 is
calculated. (v) The effective Hamiltonian for f˜ is set as:
Heff =
8∑
m=7
E
(1)
Γm,1
f˜ †Γm f˜Γm +
∑
Γ,αβ
V αβΓ |˜f2Γ(α)〉〈˜f2Γ(β)|, (1)
where V αβΓ are determined so as to (a) maximize the
overlap between |f2Γ, 1〉 and the ground state of Heff for
each Γ: |˜f2Γ〉gs and to (b) reproduce the E(2)Γ,s for the first
(two) s with nonzero rαsΓ ’s for Γ = Γ4(Γ1,Γ3,Γ5). The
condition for maximizing the overlap leads to |˜f2Γ〉gs ∝∑
α r
α1
Γ |˜f2Γ(α)〉. The Heff constructed reproduces exactly
the local spectra up to two-electron filling. To reproduce
the spectra of f3, f4, and · · · , three- and four-body inter-
actions and so on need to be included. When the interest
is only in the f0,1,2 states, they can be ignored.
Symmetry reduces the number of independent param-
eters V αβΓ to ten.
18) The three parameters are those in
the Γ8 sector: U88, U
′
88, J88, and J
′
88 with the cubic con-
straint U88 = U
′
88 − 3J88/4 + J ′88 in V88, where
V88 = U88(na↑na↓ + nb↑nb↓) + U
′
88nanb + J88Sa · Sb
+J ′88
(
a†↑a
†
↓b↓b↑ +H.c.
)
. (2)
Here, the annihilation operator for the Γ8 orbital is de-
noted as {a↑, a↓, b↑, b↓}(≡ ψ), where a and b represent
the two kinds of orbital degrees of freedom and σ =↑, ↓
represents the Kramers index. naσ=a
†
σaσ, na =
∑
σ naσ
and Sa =
1
2
∑
σσ′ a
†
σ~σσσ′aσ′ with ~σ=(σ
x, σy, σz) being
the Pauli matrices and similar expressions for the b or-
bital are used. By denoting the Γ7 creation operator as
c†σ, with n7 =
∑
σ c
†
σcσ and S7 =
1
2
∑
σσ′ c
†
σ~σσσ′cσ′ , the
other parts are obtained as:
V78 = U77c
†
↑c↑c
†
↓c↓ + U
′
78n7n8 + J78S7 · S8
+J˜78(τ
z , τx) ·
(
2Sz8S
z
7 − Sx8Sx7 − Sy8Sy7√
3(Sx8S
x
7 − Sy8Sy7 )
)
+
[
v1(ψ
†ψ†)Γ1c↑c↓+
∑
m=3,5
vm(ψ
†ψ†)Γm(cψ)Γm+H.c.
]
, (3)
where n8 = na + nb, S8 = Sa + Sb, and ~τ = (τ
z , τx) are
the Pauli matrices for the orbital indices a(b)→↑ (↓).
Figure 1(d) shows various V αβΓ as a function of λ for
x = 0, W = 0.004 eV, and (F0, F2, F4, F6) = (9, 6, 5, 2)
eV. For real materials, the value of λ is expected to be
λ <∼ 0.5 eV. The results are summarized as follows:
• J88, J ′88 > 0 and they increase as λ increases.
• U ′88 > U88, i.e., the interorbital interaction is larger
than the intraorbital interaction for the Γ8 orbital.
• The complex pair hopping terms (in particular for
v1) are quite large in magnitude.
It should also be noted that the exchange interaction
J78 between Γ7 and Γ8 is ferromagnetic. In addition to
the purely electronic origin for such parametrization of
the interactions, electron-phonon couplings are known to
enhance e.g., antiferro Hund’s coupling.8, 19)
Now, we discuss that the above results affect the or-
dering and SC. To capture the essential points, we sim-
plify the full j = 5/2 model and introduce an effec-
tive model with a four-fold degenerate Γ8 orbital. Al-
though the model is an effective one, and thus, should
be regarded as an f˜ system with regard to eq. (1); nota-
tions such as fn will be used for simplicity. As discussed,
representing the local interactions for the Γ8 orbital as
V88 from eq. (2), the f
2 configurations are diagonal-
ized as Γ1(1-fold), Γ3(2-fold), and Γ5(3-fold). Apart from
the Γ8 level, their atomic-limit energy ǫ
(2)
m (m = 1, 3, 5)
is given as ǫ
(2)
1 = U88 + J
′
88, ǫ
(2)
3 = U88 − J ′88, and
ǫ
(2)
5 = U88 + J88 − J ′88. Thus, the f2 ground state is de-
termined by J88 and J
′
88.
We are interested in the situation where the filling is
n ≡ 〈n8〉 ∼ 2 per site and in the SC arising there. In
a naive mean-field approximation, the U88 term in eq.
(2) can be decoupled into a density-density form, while
the other terms can be decoupled into Cooper channels.
Thus, the interaction (2) can be rewritten as: Vloc =
U88n(n − 1)/2 +
∑
m=1,3,5(ǫ
(2)
m − U88)(ψ†ψ†)Γm(ψψ)Γm ,
where (ψ†ψ†)Γm indicates the two-electron operator for
Γm irrep.
17) A mean-field analysis readily leads to SC
with local Cooper pairs corresponding to the atomic CEF
ground state in the f2 sector m = mg, as the interaction
is always attractive (ǫ
(2)
mg −U88 < 0). For this analysis, it
is crucial to perform the decoupling of the U88 term not
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in the Cooper channel but in the density-density chan-
nel. Physically, if the charge fluctuations are suppressed,
the above analysis is expected to be valid, and the com-
mon energy contribution U88 to ǫ
(2)
m is irrelevant. In fact,
in recent dynamical mean-field theory studies on multi-
orbital Hubbard models, realization of local s-wave SC
for U ′ > U > 020) and local-triplet SC in a three-orbital
model21) was shown. These results support the validity
of the above analysis. In the following, we show that such
SC can be nodal, if realistic hopping parameters, reflect-
ing the orbital characters, are taken into account.
As an example, a model on a simple cubic lattice is
considered. The non-interacting Hamiltonian is:
H0 =
∑
k
ψ†kα[ǫ(k)+
~d(k) ·~τ + ~η(k) ·~στy−µ]αβψkβ, (4)
where µ is the chemical potential, α and β are run for
the indices {1, 2, 3, 4} ≡ {a↑, a↓, b↑, b↓}, and k is the
wavenumber. ~σ acts on the Kramers indices ↑ or ↓, while
τy is the y component of the Pauli matrices for the orbital
indices. The Einstein contraction for the repeated indices
is used, and will be used hereafter. ǫ(k), ~d(k), and ~η(k)
are real and they transform as A1g, Eg, and T2g in the
Oh group, respectively,
22) where the hopping integrals
up to the third neighbors are taken into account. In the
following analyses, the unit of energy is set to the orbital
diagonal nearest-neighbor hopping t = 1 and the unit of
length is set to the lattice constant. The other parameters
are set to: (t′, t′′, d, d′, η, η′) = (0.4, 0.1, 0.3, 0.1, 0.1, 0.05).
The one-particle energy Eλ=1,2(k) is:
Eλ(k) = ǫ(k) + (−1)λ
√
|~d(k)|2 + |~η(k)|2 − µ, (5)
with Kramers degeneracy. The band-based op-
erators are defined as (c˜k1↑, c˜k1↓, c˜k2↑, c˜k2↓)
T =
[U(k)]†(ak↑, ak↓, bk↑, bk↓)
T, where U(k)=U(−k) is
unitary and the superscript T indicates the transpose.
Table I summarizes the band-based (intraband) pair
amplitudes Φ˜1,2(k) = 〈c˜k1,2↑c˜−k1,2↓〉, induced by a local
pair amplitude ΦΓ = 〈(ψiψi)Γ〉 with i being the site in-
dex. For simplicity, interband pairs are not considered
here. It should be noted that Φ˜1,2(k) = Φ˜1,2(−k) due to
the local nature of the pair, and the symmetry of Φ˜1,2(k)
is the same as the local order parameter ΦΓ. Thus, nodal
SC is realized when the f2 ground state is Γ3 or Γ5. The
pair is local,23) and this contrasts with the conventional
non-s-wave intersite pairs.5) The local nature of the SC
suggests that it is robust against detailed changes in
the band structure. In a recent paper,24) Bishop et al.
discussed such types of SC with nodes, while they in-
troduced attraction in a specific Cooper channel from
the beginning. Such nodal SC has also been shown for
j = 3/2 fermions in half-Heusler compounds.25)
To examine whether such SC occurs, the multi-
orbital random-phase approximation (RPA)26, 27) is
employed and used to calculate the transition tem-
perature Tsc of SC and Tc for possible multipole
orders. Generalized static susceptibilities χγαδβ(q) ≡
N−1
∑
kp
∫ 1/T
0
dτ〈Tτψ†kγ(τ)ψk+qδ(τ)ψ†pβ(0)ψp−qα(0)〉,
where N , T , and Tτ represent the total number of
sites, the temperature, and the time-ordered product,
Table I. Relation between the local and band-based pair ampli-
tudes. Trivial constant factors are omitted, dˆz,x = dz,x(k)/D(k)
and ηˆx,y,z = ηx,y,z(k)/D(k), where D2(k) ≡ |~d(k)|2+ |~η(k)|2 and
is invariant under the Oh symmetry. The abbreviations cx,y,z ≡
cos kx,y,z and sx,y,z ≡ sinkx,y,z are used. In the third column, the
functional form for ΦΓm is shown (the common factor 1/D(k) for
m ≥ 3 is omitted for simplicity).
ΦΓ Φ˜λ(k) functional form
ΦΓ1 1 1
ΦΓ3,u dˆz(k) d(2cz − cx − cy) + d′(2cxcy −
cycz − czcx)
ΦΓ3,v dˆx(k)
√
3d(cx−cy)+
√
3d′(cycz−czcx)
ΦΓ5,xy ηˆz(k) (η + η
′cz)sxsy
ΦΓ5,yz ηˆx(k) (η + η
′cx)sysz
ΦΓ5,zx ηˆy(k) (η + η
′cy)szsx
respectively, are given in the RPA as:
χRPAγαδβ(q) = χ
0
γαδβ(q)− χ0γαα′γ′(q)Γα
′β′δ′γ′
0 χ
RPA
β′δ′δβ(q). (6)
Here, χ0γαδβ(q)≡−TN−1
∑
ωℓk
G0βγ(ωℓ,k)G
0
αδ(ωℓ,k+ q)
with the Matsubara frequency ωℓ and G
0
αβ(ωℓ,k) =∑
λσUα,λσ(k)U
∗
β,λσ(k)/[iωℓ−Eλ(k)]. For convenience,
the antisymmetrized interactions Γαβδγ0 are introduced
and eq. (2) is rewritten as: Vloc=
1
4Γ
αβδγ
0 ψ
†
αψ
†
βψδψγ with
Γαβδγ0 =V
αβδγ
0 −V αβγδ0 −V βαδγ0 +V βαγδ0 , where V αβδγ0
is given by eq. (2).28) The effective RPA interactions
V αβδγeff between the Cooper pairs can be expressed as:
V αβδγeff (q) =
1
2
Γαβδγ0 − Γαβ
′δ′γ
0 χ
RPA
β′δ′α′γ′(q)Γ
α′βδγ′
0 , (7)
which are used for calculating Tsc in the BCS approxi-
mation. All the calculations shown below are performed
for N = 643 and 1024 τ bins, and J88, J
′
88 > 0, which
corresponds to the Γ3 ground states in the f
2 sector.
Figure 2(a) shows the J88 and J
′
88 dependence of Tsc
and Tc for U88 = 2.0 and n = 2.0. It should be noted
that Tsc is not calculated in the ordered phases below Tc.
For a wide range of parameter space, SC with Eg sym-
metry (d-SC) occurs. This is nearly local SC induced by
the renormalized interactions. Thus, our naive analysis is
qualitatively valid within the RPA level. The Fermi sur-
faces (FSs) for (J88, J
′
88) = (0.75, 1.0) and T ∼ Tsc are
shown in Fig. 2 (b) with the d-wave amplitudes |Φ˜(k)|2.
Line nodes exist on both FSs, whose functional forms
are qualitatively consistent with the list in Table I. Be-
low Tsc, when the chiral combination of the two compo-
nents is realized in favor of opening the gaps on the FSs,
point nodes exist around the [111] directions. For larger
J88 and J
′
88, Tsc is very high: ∼ O(1), which means that
the attraction is too large to be handled in the RPA. Al-
though it is beyond the scope of this study, tightly bound
pairs dominate and Bose-Einstein condensation (BEC) of
the local pairs would occur.29) In such a situation, the
Γ3 bound-state contribution would have to be accounted
for, which would suppress Tsc. It should be noted that
a transition (not a crossover) between SC and BEC is
expected to occur for d-wave pairing.30)
For smaller J ′88, three ordered states appear: an an-
tiferro Eg-quadrupole order (AFQ) with the ordered
wavenumber q = (π, π, π), and an Eg-quadrupole density
3
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Fig. 2. (Color online) (a) Transition temperatures Tsc and Tc
in the J88-J ′88 plane. (b) Fermi surfaces of band 1 and 2 for
(J88, J ′88) = (0.75, 1.0) and T ≃ Tsc = 0.06. The color map repre-
sents |Φ˜1,2(k)|2 on the FS.
wave (QDW) and A2g-octupole density wave (ODW),
both with q ≃ (π, π, π ± 0.4π) and the equivalent q’s.
For J ′88 ≪ J88 and J88 ≃ U88, another type of SC with
A1g irrep (s-SC) emerges. This is related to the SC real-
ized for J ′88 < 0, where the ground state for the f
2 sector
is Γ1. The Γ1 ground state, according to Table I, leads
to A1g Cooper pairs. With regard to the Γ5 f
2 ground
state with J88 < 0, SC with T2g irrep is expected, while
this is not realized for U88 = 2.0, since an antiferromag-
netic order takes place first. However, for larger |J88|, the
leading SC instability is T2g type,
21) and thus, it is con-
cluded that the naive approximation used holds true for
the RPA results, concerning the dominant SC instability.
To analyze the d-SC in more detail, the averaged real-
space amplitude:
|Φ(r)| ≡ 1
Nnr
∑
i,j
∑
αβ
|〈ψiαψjβ〉|δ|i−j|,r, (8)
for two sets of parameters of J88 and J
′
88 is shown in Fig.
3(a), where nr is the number of site-pairs with a distance
r. For both J88 = 0.75 and 1.75, the order parameter is
largest for r = 0, and thus, it can be called the “local”
Cooper pair. For larger J88, the decay is much faster. In
the inset of Fig. 3(a), the averaged effective interactions:
|Veff(r)| ≡ 1
256
∑
αβγδ
|V αβδγeff (r)|, (9)
along the three symmetric directions [001], [110], and
[111] are shown. In eq. (9), Veff(r) is the inverse-Fourier
transform of eq. (7). As expected from the behavior of
|Φ(r)|, the effective interactions decay exponentially and
the decay rate is higher for larger J88. The profile of the
local part of Veff is key to gaining insight into the mech-
Fig. 3. (Color online) (a) Real space pair amplitude |Φ(r)| as a
function of the distance r2 for (J88, J ′88)=(0.75,1.0) and (1.75,1.0).
Inset: |Veff(r)| vs |r| for the direction parallel to the [001], [110],
and [111] directions. (b) Veff (0) for J
′
88 = 1.0 and T = 0.56 as
a function of J88. The effective interactions are evaluated in the
normal state, ignoring the presence of Tsc (if it exists) for T > 0.56.
anism of d-SC. Figure 3(b) demonstrates that J88eff and
J ′88eff increase as J88 increases. This stabilizes the f
2 Γ3
state, leading to the local Cooper pairs with Eg irrep.
With regard to electron filling n and the band param-
eter dependence of the phase diagram, it is shown that
as n decreases, all the ordered states including the SC
are suppressed because of the decrease in the density of
states on the FSs. For U88 = 2.0 and n = 1.0, there are no
phases with broken symmetry in the calculations. Tsc for
several sets of the band parameters are also examined.
The results are qualitatively the same as those shown in
Fig. 2(a). This indicates that the band parameter details
and any specific fluctuations play no role in realizing the
d-SC discussed in this study.
Our focus in this letter is on the Γ3 ground states in
the f2 configurations under cubic symmetry, which have
been realized in e.g. Pr-based 1-2-20 compounds, and SC
is found in various systems.12) Since the local nodal SC
discussed in this letter does not require any specific fluc-
tuation, if SC under high pressure far from the orbital
ordered phase is realized,31) it is a good candidate for it.
Another candidate is the classical heavy-fermion super-
conductor UBe13.
32) A possible ground state to explain
the anomalous normal state is Γ3. It is suggested that
there are point nodes around the [111] direction.33) The
chiral d-wave state of local pairs described in this letter
can provide a key to understanding the enigmatic su-
perconductivity of UBe13. As a material with Γ1 ground
states, it is argued that PrOs4Sb12 is an s-wave super-
conductor.34) This is indeed consistent with our theory
and it is worth examining the heavy-fermion SC in our
future studies.
In summary, we have demonstrated that local nodal
superconductivity can appear in multiorbital systems.
The nodal structures reflect the local two-electron
ground state. We have also derived an effective model
by local down folding and found antiferro Hund’s cou-
pling and enhanced interorbital interactions, which are
key to realizing local nodal superconductivity.
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